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1 Introduction 

The goal of the paper is to understand properties of the so-called ancient 
(backward) solutions to the Navier-Stokes equations. The importance of 
them in the regularity theory for the Navier-Stokes equations, see, for exam¬ 
ple, papers P, [5], p], [12], and [16], and more generally in the theory of 
PDEs is well understood. They appear as a limit, resulting from rescaling 
solutions to initial boundary value problems around possible singularities. 
For the Navier-Stokes equations, this procedure has been described in the 
above papers. 

The weakest version of ancient solutions to the Navier-Stokes equations 
is as follows. A vector-valued function u G T 2 ,Zoc(Q-), where Q- = M 3 x] — 
oo, 0[, is an ancient solution of the Navier-Stokes equations in = R 3 x] — 
oo, 0 [ if it satisfies these equations in the sense of distributions with divergence 
free test functions, i.e., 



( 1 . 1 ) 


Q- 


for any ip G C^ 0 (Q-) := {y> G Cq°(Q-) : clivy? = 0} and 



( 1 . 2 ) 


Q- 


1 


for any q G C™(QJ). 

This class of ancient solutions seems to be too wide. Having in mind the 
problem of regularity for solutions to the Navier-Stokes equations mentioned 
above, we can put some additional restrictions in the definition of ancient 
solutions. 

If an ancient solution u is bounded, we call it a bounded ancient one. We 
can go further, see [5j, and consider an even more narrow class of ancient 
solutions. We say that a bounded function a is a mild bounded ancient 
solution if u has the following property: for any A < 0 and for (x, t ) G Qa '■ = 
M 3 x]H, 0[, 

Ui(x,t)= / F(x - y,t - A)ui(y,A)dy+ 

R 3 


t 



A R3 


T) u i(y< T ) u m(y,T)dydT, 


(1.3) 


where T is the known heat kernel and K is obtained from the Oseen tensor 
in the following way. Consider the following boundary value problems 


A<h(a;, t) = Y(x, t ). 


(1.4) 


Using <3>, we define 


y^ ^ 


< 9 3 4 > 


m.j 


dyidyidy t 


{x,y,t) - 


c> 3< h 


dy rn dijjdy s 


{x,y,t ), 


where S mn is Kronecker’s symbol. 

It has been shown in [5], that any mild bounded ancient solution is in¬ 
finitely smooth in space-time. 

One can give an equivalent definition of mild bounded ancient solutions. 


Proposition 1.1. A bounded function u in is a mild bounded ancient 
solution to the Navier-Stokes equation if and only if there is a pressure 
V € Loo{~ oo, 0; BMO) such that the pair u and p satisfy the Navier-Stokes 
equations in the sense of distributions. 


This statement seems to be known and we give its prove for completeness. 
One of the interesting consequences of the above proposition is an alter¬ 
native proof of smoothness of mild bounded ancient solutions, see P). 
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The conjecture that has been made in [5j reads: any mild bounded ancient 
solution is a constant in Q_. The validity of this conjecture is known in 
several cases, see details in [5] and [T5] , The connection with a possible 
blowup of a solution to the initial value problem 

d t v + v ■ X7v — Av = —V<p div v = 0 

in Qoo = M 3 x]0, oo[, 

v(;t) = u 0 (-) G C 0 ~(K 3 + ) = {ve C^°(M 3 ) : divu = 0}, 
is as follows. Assume that there is a blowup at t = T, i.e., 

IK-,*)||oo,rs oo 

as t — )■ XL. Then there exists a mild bounded ancient solution u with |w(0)| = 
1. If the aforesaid conjecture is true then u(x,t ) = c, where c is a constant 
vector such that |c| = 1. This would rule out blowups of Type I for which a 
certain scale-invariant quantity is bounded. 

Now, let us formulate the main results of the paper about mild bounded 
ancient solutions to the Navier-Stokes equations in half space, starting with a 
definition of distributional ancient solutions. From now on we denote Qt. '■ = 
M^x] — oo,0[. We say that u G L 2 (B + (R )) for any R > 0 is an ancient 
solution if u satisfies 

J (u ■ ( d t (p + A ip) + u ® u : V tp)dxdt = 0 (1.5) 

Qt 

for any if G C“ 0 (Q-) with ip(x', 0, t) — 0 for any x' G M 2 and for any t < 0. 
Moreover u satisfies 

J u ■ Vqdz = 0 (1.6) 

Qt 

for any q G C™(Q_). 

We can notice that (11.511 and (11,6j) is a weak form for the following 
d t u + u ■ V u — A u = — Vp, div u = 0 
in Qt for some distribution p, 

u(x' , 0, t) — 0 
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for any x' G M 2 and any — oo < t < 0. 

We shall say that u is a bounded ancient solution in half space if it is 
ancient and bounded. 

From now on define Q\ := M(j_x]kl, 0[. In order to proceed further, we 
need to recall how one can construct a solution to the following boundary 
value for the Stokes equations in half space: 

d t v — Av + Vg = /, div v = 0 


in Q+, 


for all x' G M 2 and t g]A, 0[, 


v(x' , 0, t) — 0 


v(-,A) = M 0 (-) 

in M 3 . It is assumed that / and uq are divergence free and /a(V,0, t) = 0. 
Then a formal solution to the above initial boundary value problem is: 


Vi(x,t) 



Gij(x, y,t — A)u 0 j(y)dy + / / G ij {x,y,t^s)f j {y,s)dyds. 


The Green’s function G has been derived by Solonnikov in [IS] and is as 
follows 

G = G 1 + G 2 , (1.7) 

where 

G\ 3 {x,y,t) = SijfTix-y,t) -T(x-y*,t)^, 

X 3 

d f f dE 

G ip( x i y A) = 4-7^ J J -{x- z)T(z -y*,t)dz, Gx(x,y,t) = 0 , 

13 0 R2 

y* = ( y' , —ys), and E(x) is fundamental solution to the Laplace equation in 
M 3 . 

Let us introduce another potential K = ( K m j S ), 


Emjs(x, y , t) 


Q ^ <f> <T) 

^mj / ,\ w ^mn 

dyidyidyG lVl dy n dyjdy : 
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where the tensor <f> = ( < hjj) are defined as solutions to the following boundary 
value problems 

Ayff*mn (^i Vi t) Gmni^X , U , t) (1.8) 

with d$ mn /dy 3 (x, y, t) — 0 if n < 3 and with & mn (x,y,t) — 0 if n — 3 at 

V3 = 0 . 

Now, we are in position to define mild bounded ancient solutions in a half 
space. 

Definition 1.2. A bounded divergence free function u in Qf is called a mild 
bounded ancient solution if, for any A < 0 and any ( x,t ) G Q^, 

Ui(x,t) = I Gij(x - y,t - A)ui(y,A)dy+ 

R3_ 



T)uj(y,T)u m (y,T)dydT. 


(1.9) 


To state our main result, we need to introduce the following operator. 
Given H = ( H l} ) G L 00 (M')_), there exists a unique function p 1 G L 2 (-B+(i?)) 
for any R > 0 with [p 1 ]b + = 0 with the following properties: the even 
extension of it to R 3 belongs to the space BMO , 


J p l Apdx 


H : V 2 pdx 


R3_ 


R3_ 


for any p G Cq^R 3 ) with p,z(x', 0) = 0 and 

II P 1 \\bMO < ^||^||oo,R» ? 


where A is an absolute constant. We shall use notation p 1 := p\j. 

We notice that if H = ( Hij ) is sufficiently smooth and vanishes on the 
boundary £3 = 0, the function p l H is a solution to the Neumann boundary 
value problem: 

A p l H = —divdi vH 


in R 3 and 


Ph, 3 (^, 0 ) = 0- 
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Theorem 1.3. Suppose u G L co (Q+) is an arbitrary mild bounded ancient 
solution in Qf. Then u is of class C°° and moreover 

sup (\d^V l u{x,t)\ + \d*V l+1 p(x,t)\)+ 

(ir,t)£<2± 

+ \\ d tP 1 \\L 00 {BMO) ^ C(k,l, |M| Loo( q+)) < OO 
for any k, 1= 0,1.. .. Here, p 1 = p l u ^ u . 

Theorem 1.4. A bounded function u is a mild bounded ancient solution if 
and only if there exists a pressure p such that p = Pu^ u + p 2 , where p 2 (-, t ) is 
a harmonic function in whose gradient satisfies the estimate 

\X7p 2 (x, t)\ < cln(2 + l/x 3 ) (1-10) 

for all ( x,t ) G Qf. Morevoer, p 2 has the property 

sup | X/p 2 (x, i)| —> 0 (1.11) 

i'sR 2 

as X‘i —> oo and for any t < 0; u and p satisfy 111.61) and 

J (u ■ (d t (p + Acp) + u ® u : + pdiv (p'jdxdt — 0 (1.12) 

Qt 

for any p G C“(Q-) with ip{x', 0, t) — 0 for any x' G M 2 and for any t < 0. 

In [IB], there has been conjectured that any mild bounded ancient solution 
is identically equal to zero in Qf. At the moment of writing the paper, there 
are two cases in which the above conjecture is true, see [2] and [13]. Both 
cases are two-dimensional and additional scale-invariant assumptions have 
been imposed. In the first paper vorticity preserves its sign, while in the 
second one kinetic energy is bounded. 

Now, let us consider the following initial boundary value problem 

d t v + v ■ V v — Av = — Vg, divu = 0 

in Q+ = M^xjO, oo[, 

v(x', 0, t) — 0 
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for any x' G M 2 and t G [0, oo[, and 

v(-,t) = u 0 (-) G C^M 3 ) = {n G C^M 3 ) : divn = 0} 

Suppose that there is a blowup at t — T, i.e., 

IK-.OIloo^ ->■ 00 

as t —» TL. Then there exists a sequence z n = (x^ n \t n ) such that t n > 0, 
t n —* T_, and 

M n = = sup sup |w(a;, i)| —> cx). 

0 <t<t n a;eR^_ 


If ij M„ —» cxd, there exists a mild bounded ancient solution u in the whole 
space such that |u(0)| = 1. If M n —> a < 00 , there exists a mild bounded 
ancient solution in a half space such that \u(a)\ = 1. 

In conclusion, we notice that the validity of both conjectures allow us to 
rule out at least Type I blowups of solution to initial boundary value problem 
for the Navier-Stokes equations in half space. 
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Proof of Theorem 


1.3 


Before starting the proof, we remind known facts (due to Solonnikov, see [18j 
and [T9] ), about the Green function and the kernel K. 

It is not so difficult to see that the kernel K has the structure 

i) — K isrn (x, z, t) T Ki sm (x : z, t), (2.1) 


where Ki sm (x, z,t) is a linear combination of the terms 

dGij 

-zs — (z,z,t) 

OZk 


and K ism (x, z,t) is a linear combination of the terms 


d 2 

dXadX/3 



bn ( ± ) 

Gij(x, y, t ) ( y , z)dy. 
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Here, N W (x, y) = E(x — y) ± E(x — ?/*). 

The following estimates for G* and Jl have been obtained in different 
papers of Solonnikov, see [18] and [T9j : 

qH+Hq 2 


■( x,y,t-A ) < c(a, y)(t — A) ^{t-A + x 3 ) 2 0 x 


dx a dy 


n *12 , 3 +l°'l+lVl ( Cy\ \ 

x (\x - y*\ 2 + t - A) 2 exp^-^-^J, 

where a' = ( 07 , 07 ), 7 ' = ( 71 , 72 ), and ( 7 ! = 0 or 1, 

QQ 1 


% 


(|:r- 7/| 2 + t ) 5 


d l t G 2 (x,y,t) 


< 


■ exp 


-?> 


( 2 . 2 ) 

(2.3) 

(2.4) 


f'(|x' — y' | 2 + £3 + y\ + £) 2 

for / = 0 or 1 . 

Let K 1 and K 2 be generated by G 1 and G 2 , respectively. In particular, 
we have the estimate 


\K 2 (x,y,t)\ < 


(\x — y*\ 2 + t ) 2 

I 11 what follows, we are going to use special approximations: 

0 

“(t)0M) := / ui(x-y)<l> t (y)u®(y,T)dydT 


(2.5) 


A—1 


and 


«hm(i) : = / ut(x - y)u ( «\y,A)dy. 


( 2 . 6 ) 


(2.7) 


Here, u\ h, {y,s) - Ui(y',y 3 - h,s) if y 3 > h and u\ h ’(y,s) = 0 if 0 < y 3 < h. 
The function (ftk G G^°(i?(fc+1)), </>*, = 1 on £>(&), has the additional property 
that the bounds of H“</>£ only depend on |o|. The standard mollihcrs are 
denoted by 77 and ca, repectively. The properties of the approximation scheme 
are that tq*,) G G^(]H — 2, l[xM^_) and that (up to subsequence) 















in L co (Qf: M 3x3 ). It is noticed that U(k)A is a smooth solenodial vector field, 
with bounded derivatives that all vanish near x 3 = 0. Furthermore, 

U(k)A u(y, A) 


in L r 


p3 . Iras', 


We let F k := U( k ) <E> U(k) and then 


U(k)(x, t) J G(x,y,t - A)u {k)A (y)dy + J K(x,y,t - r)F \y,r)dydr. 
R3 a 



It is not so difficult to infer that (up to subsequence): 

U (k) ± u 


( 2 , 8 ) 


in 

To treat the second term on the right hand side of representation formula, 
we are going to use the following statement. 

Lemma 2.1. Let F e IF^(M 3 ) D C 1 (B + (1?)) for any R > 0 with F = 0 
and F 3 jj = 0 on the plane x 3 = 0. In addition, assume that divdivF e 
Loo(M 3 j D C(B + (R)) for any R > 0. Then the identity 


/ \®ij(x,y,t)fj(y)dy 


Gij{x,y,t)fj{y)dy = 


I Kij m {x, y, t)Fj m (y)dy. 

R3 

is valid. Here, f = —divF — Wp l F . 

Remark 2.2. Under assumptions imposed on tensor-valued function F, 

Vpp G Loo(M 3 ) fl C(B+(R)) 


for any R > 0. 
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Proof of Lemma l2.ll Obviously, we can find a sequence F m G C^°(R+) 
such that 

F m , VF m , divdivF™ F, VF, divdivF 

in L 0O (Qt ), respectively. In order to construct such a sequence, we proceed 
as follows. Let F^ h \x) = F(x', x 3 — h) if x 3 > h and F^^x) = 0 if 0 < x 3 < 
h. Then we let F^ h,R \x) = (pji(x)F^ h \x) with a stadart cut-off function 
<Pr{x) = (p(x/R), where ip G C™(B(2)) and ip = 1 in B. And finally we can 
produce F m using (F( h,R >) e with 0 < g < h, where (g) e is a mollification of 
the function g. 

We also can state that ppm has decay A- as |x| —> oo. So, we do not 
need to take care of integrability of functions involved because of Solonnikov 
estimates and the decay of the pressure. Similarly the decay of the pressure 
allows one to rigorously justify the integration by parts shown below. This is 
done by proving slow decay of the kernels, using arguments in |19j and [20] . 

Now, letting f m = —divF m — Vpp m , we have 

A := j A y ^ij(x,y : t)fj\y)dy = J G ij (x,y,t)fj 1 (y)dy = 

R3_ r^_ 

= J &ijM( x >y> t )(~ Ii 7Z,8(y)-PF m j(y)) d y = 

R3 

= J $ij,kks(x,y,t)F£(y)dy + j $ ijt3 (y',0)ppmj(y',0)dy'+ 

r3_ R 2 

+ J ®ij,k( x ,y, t )p 1 Fm, j k(y)) d y- 

Rf 

By our assumptions on boundary values of functions <f> and ppm and their 
derivatives, the integral over the plane x 3 = 0 vanishes. So, we have 

A = f $>ij,kks(x,y,t)F™(y)dy - J <A(r/> 0)ppm j3j (y', 0)dy'~ 

r3_ R 2 

- J ®ij(x,y,t)Ap 1 FmJ (y))dy. 

Rf 
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For the same reason, the surface integral is equal to zero and using the 
pressure equation, we find 

A = f $ ij ,kks(x,y,t)F™(y)dy + j $ ij (x,y,t)F% j8k (y)dy = 

R3_ R3_ 


= j &ij,kks(x, y, t)F™(y)dy — J ^ ijjjsk (x,y,t)F^(y)dy. 

R3 R3 

So, the formula of the lemma proved for F m , i.e., we have 

J Gij(x,y,t)f j n (y)dy= j K ijk (x,y,t)F%(y)dy. 

R^_ R® 


Now, the identity of the lemma can be obtained by passage to the limits in 
the latter identity as m —> oo. □ 

So, if we let p m ■= pl (k) ® U(k) , when we have 



G i:j (x, y, t - A)uj(k)A{y)dyS— 



r\ O 

t) —Fji(y,T) + —p m (y,T)]dydT. 


(2.9) 


We then put U{ k ) = according to splitting of the kernel de¬ 
scribed in (11.71) . Furthermore, decompose and = 

U( k ) + U lk)- Where for m = 1, 2: 


u mM ■= I G%(x,y,t-A)u mA (y)dy 


i(k) 


( 2 . 10 ) 


and 


U m( x G) ■= ~ G%j(x, y,t — r) -^F^y, r) + -^-p m (y,T)\dydT. 



( 2 . 11 ) 
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Notice, that we may integrate by parts in (12.lip to get: 







T 


Fji(y, r) + Sjip 1{k) ( : y , r) dydr. 


This is permissible by the facts that G 2 3 (x,y,t) = 0, Gjj(x,y,t ) = 0 (on 
?/3 = 0), the spatial decay of Gi and G 2 and that the approximation scheme 
implies that p 1<yk \y,r) has spatial decay of order \y\~ 2 . 

Now we proceed in proving the main body of Theorem 11.31 Most of 
the proof is split into four main Propositions. The first two Propositions 
are derived from arguments from [16] . However, we provide some adjust¬ 
ments, simplifications and demonstrate how those arguments interact with 
the aforementioned approximation scheme. 

In what follows, we are going to use additional notation. For p and q 
between 1 and infinity we say that / £ L P:q:Uni f(Q\), if 

o 

\\f\\ q L f (Q + ) :=SUp / ( / \f(y’ T )\ Pd y) V dT < °°’ 

^P,q,unif\WA> xGM 3 J ' J 

+ A B+(x, 1 ) 

where B + (x, 1) := {y £ B(x, 1) : 2/3 > x 3 }. In addition, for — 00 < G < 
D < 00 , we will denote: Qf , d := R+x](7, D[. From now on we use the terms 
even and odd extensions to mean the following. For / : R^. —> R, dehne 
feven : R 3 ^ R by f even {y) := f(y) for y 3 ^ 0 and f even (y) := f(y*) for 
2/3 < 0. This is referred to as the even extension of /. The odd extension of 
/ is similarly defined. 

Proposition 2.3. Suppose u £ L^Qt) satisfies all the hypothesis of Theo- 
rem U.SX Then the following is satisfied: 

sup (|Vu(a;,t)| + |Vp 1 (a;,t)|) + \\p l \\ Loo {BMO)) ^ C'(||m||l 00 (q1)) < 00 


Proof of Proposition \2.3\ For brevity let d := IMIl 00 (q+)- Notice that 
by classical singular integral theory, we get for the even extension of the 
pressure: 


sup Hp 1 ^ ||l, CXJ (]n, 0 [;BMO(R 3 ) ^ C(d). (2.12) 

k 


12 











By the proerties of the heat kernel and estimates (12.21) it is obtained that 
sup + ^C(d,A,\a\)- (2-13) 

k, {x,t)&Q + A 

~T 

From (I2.12p . along with arguments in [16] (see Lemma 6.1 there), obtain also 
that (for (x,t) E Q\) : 


V=A 


V'“'f/g(i,i)KC(|a|,d) 


dq 


(xl + q 2 ) ! 2 ! 


(2.14) 


d t U}£ - A U,, 

1 Wodd 


Hence, ||V£7f fc) || Liimi/(g + j + || L . itmi/(Q + > < C(d, s,A). By the definition 

T T 

of G 1 , the following is satisfied in V (Qa) '■ 

A 2 = -divff, (2.15) 

where H ia = H° dd , a = 1, 2, and H i3 = H^ en , i — 1,2, 3, 

H*(x,t) := F‘(z,i) + - [p 1W ]Bfe2)(f)). 

Here, z G is arbitrary and \p l ^]B(z, 2 )(d) signifies the average over B(z, 2) 
for the even extension. Using (I2.12|) and local regularity theory for heat 
equation (e.g Appendix of [9]), obtain: 


W^ U (k) odd \\L s (B{z,l)x]±,0[) ^ C(d,s,A). 

Thus: ||VU(fc)|| Lsunif (Q+ A ) ^ C(d,s,A). Notice that for x' E M 2 , y E and 
t > 0, we have 

lim G^Jx', e, y, t) = 0. 


e—^0+ 


Thus, using additional properties of the heat kernel and the properties of the 
approximations u^) and p^ k \ it can be obtained that 'VUyk)(x, t ) is bounded 
in M^x]A,0[ . Furthermore, for (x',t) E R 2 x]A, 0[ one obtains 

lim Ui(k)(x'i e, t) = 0. 

£->0 

Hence, we obtain a weak derivative formula for classes of test functions not 
necessarily zero on x 3 = 0. That is, for p E C£°(Qa)'- 
o o 

Ui(k)(y,r)d j ip(y,T)dydT=- d j U i{k} (y,r)p(y,T)dydT. (2.16) 
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So using (12.8p one has that ||Vu|| L aunif (Q\ ) ^ C(d,s,A ) and that (12.161) 

holds also for u (note one can replace Q\ with Q_ and A with —oo here). 
Next, fix 6 < 0, with |5| small and let k be sufficiently large such that 
S + -r < 0. Observing the structure of the approximations u^), the analogue 
of (I2.16|) (with u) gives for (x,t) 6 Q\s : 


djUi{k) (x, t) — / rji (t 


A-1 


t) Jui {x - y)-^-My) u i k \y,r)dydT+ (2.17) 

R3_ 


+ / Vi(t~r) / ui(x - y)(j) k (y)(d j u i )^ ) (y,T)dydT. 
A-l rs 

Thus the improvement of u gives (for sufficiently large k ^ K(S)): 


ll^ w wll L S:Unif (Q+ s ) ^ C(d,s,A ). (2.18) 

Now satisfies (for appropriate even and odd extensions of pLU and 

A p 1 ( - k \x,t) = — divdiv(u(fe)(a;, t) ® u^)(x, t)) 

in Qa■ Local regularity theory for Laplace equation gives: 


l|Vp 1(fc| in„„„, /(Qji ) < C(d, S .yl). (2.19) 

Using local regularity theory for heat equation, we find from (12.151) : 


im, 


1,2 | 

i(k)odd'' L s(B(z,l)x]^A,S[) 


_i_ ii v 2 r / 1,2 
+ ii v u m a 


Il s (b(z,i)x]^,5[) ^ C(d, s, A). (2.20) 


For s sufficiently large it is seen that Vis bounded (in fact Holder 
continuous) in Q\a with 

e 


sup 

A s 

-g-,d 


WU 1 ’ 2 

I vu m 


(x, £)| ^ C(d, s, A). 


( 2 . 21 ) 


To estimate V U 2 ^ 2 we need the following statement whose proof is con¬ 
tained in the Appendix. 
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Lemma 2.4. Suppose f is in L s j jUni f(Qff). Furthermore assume that 1 < 
s ^ l ^ oo along with: 

y + y < 1. (2.22) 

Then it follows that for ( x , t) in Q\ 


J J I V y G 2 {x,y,t 

A r 3 _ 


r)f(y,r)\dydT < oo. 


Furthermore, 


t 


sup 

(x,t)eQ\ 



V y G 2 (x,y,t 


r)f(y, r)\dydT ^ C(A, s, l ) \\f\\ L ^ unif (Q+_ A y 


Remark 2.5. Observing Ii2.2\) , we see that Lemma \2J\ holds if we replace 


V y with V a 


Now, using Lemma [2.41 (in particular Remark 12.5ft . (12.18ft and (12.191) . we 
find: 

suplWgOM)! < C(d,s,A). (2.23) 

Qa,6 

Hence, supg+ \W^)(x,t)\ ^ C(d,s,A). The conclusion regarding bound- 

4’ 4 

edness of the gradient of u in Q_ is inferred from taking limits and time-shift 
arguments. 

The statement regarding ||p 1 ||l 00 (bmo) is deduced from (12. 12)1 . It remains 
to prove sup ( . ;rt ) g Q+ \'Vp 1 (x, t)| ^ C , (IMIl 00 (q+))- Notice from (11.61) that for 
(x,t) e Q% s : 


di vu( k )(x,t) = / rji(t 


A -1 



y)^f>k(y)-u { *\y,T)dydT. 


(2.24) 


From the latter, it follows that divu^) and Vdivu( fc ) are bounded function 
in space-time and in k. Local regularity for Laplace equation gives (for the 
even extension of the pressure): 

sup ||VV ( *>(-,i)|U.(B W ,) + ||Vp 1( * ) (-,t)||i.(B( I| i ) ) < C{s,d,A). (2.25) 

t£]A,6[ 
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The conclusion is then reached by arguments similar to those previously 
mentioned. Proposition 12.31 is proven. □ 

Before proceeding the proof of Theorem 11.31 let us adopt the notation: 

R? := {(x',x 3 ) E R 3 : |x 3 | ^ 7 }, 

R 3 + := R+ n R 3 . 

Proposition 2.6. Suppose all the assumptions of Proposition [Ql hold. Then 
u also satisfies: 

\\dt u \\L 3:Unif (Q+) < C(d,s,A ) (2.26) 

(for any A e] — 00 , 0[). 

sup \d t u(x,t)\ ^ C(d,'y). (2.27) 

te]— 00 ,o[ 

Proof of Proposition 12.61 First notice that, due to estimates ( 12. 2 j) . for 
x E R+: 

/ \G 2 (x,y,e)\dy ^ C-{n) —. (2.28) 

J x 3 

Note that properties of the approximation scheme imply F fl and p 1 ^ are 
smooth on R+x]Al,0[ with bounded derivatives (the bounds may be depen¬ 
dent on k). Change variables to get: 



t-A 



0 R3 


g U x i y > A ) f - A ) + 1 


A )]dydr. 


+ 


It follows that differentiation in time is permissible and gives: 




t-A 



d 


d 


0 R3 


G 2 ij(x, y, t-X)+-^-p nk \y, t-A)] dydr+ 


G 2 ij(x,y,t- A) 


ik F ’' (y ' A) + wf k)(v ' A)]iy - 
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Notice we have (for e > 0): 


t-A 



o o o 

G^j( x ,y, A)— —F^(y,t~ A) + — P l{k \y,t- X)]dydX 


= ~ J G 2 ij(x,y,t- A) ^-F^(y,A) + -^-p m (y,A)\dy+ 

R+ 

+ J G ij( x ,y, e ) - e) + -^-p m (y,t -m,e)]dy+ 


t—A 



-^ G U x ,y, X ) A) + ^-P 1 (k) (y,t- X)]dydX. 


Thus using (12.28ft and estimates (12.2ft - (12.3ft obtain: 


d 


u m( x ’t) = ~ 


dt W 



9 G ij( x , y,t-r) ■^■F-‘i(y, t ) + p m (y , t )] dydr. 


dt 


(2.29) 

We know that || VF fc || Loo(Q + g) + II ^P Uk) \\ Lao (Q+ s ) < C(d). So, using the 
estimate (12.41) . it is deduced that for (x,t) G Q\ s '- 


\d f y'^{x , x 3 ,i)\ ^ log ( 2 - A + 


{-A) 2 -A 


iXj O 


and 


sup {\dtUf^(x, f)| + \d t U^{x, t)|) < C(d,A). 


rid 


(x,t)eQ\ 

~T 

Thanks to (12.201) . we get 

\\ d t U (k)\\ La>unif (Q+ A ) ^ C{d,s,A). 

In this way (12.26ft can be inferred. 


(2.30) 


(2.31) 
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To prove (12.271) it is sufficient to show: 


sup \V 2 U^(x',x 3 ,t)\ ^ c(d,j,A). (2.32) 

zeiR3 + ,te]4,<5[ 

Observing (12.13b (12.141) and (12.201) it is clear that: 

sup \\V 2 U (k) \\ Ls(B(z i )x] 3A S[) ^ c(d,s,A, 7 ). (2.33) 

2£R3 + 8 

By previously mentioned arguments we infer: 

sup ||V 2 m|| Ls(b(z i )x]A o[) <c(d,s,A, 7 ) 

2£R3 + 

and 

sup \\V 2 U {k) \\ Ls{B{z Z )x] A,6[) 4 c(d,S,A,j). 

26R3 + 

Using also (12. 250 . one obtains higher regularity for (j2.15j) through local reg¬ 
ularity results for the heat equation. A parabolic imbedding theorem then 
gives (12.321) . Proposition 12.61 is proven. □ 

The next Proposition will improve the previously obtained regularity re¬ 
sults. But, first let us state a lemma, which is a simplified version of a more 
general statement proven in the Appendix, see Lemma 15.11 

Lemma 2.7. Suppose the measurable kernel K : M n \ {0} — > M satisfies the 
conditions (see my 


\K(x)\ ^ B\x\ n , forO < |a:| 

\K(x — y) — K(x)\dx ^ B, forO < \y\ 


\x\>2\y\ 


and 


J K{x)dx = 0 , forO < R\ < R 2 < 00 . 

Rl <|#| <i^2 

For suitable f define the singular integral operator : 


Tf(x) lim / K(x - y)f(y)dy. 

e^O J 

\x-y\^e 


(2.34) 

(2.35) 


(2.36) 


(2.37) 
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Take a compactly supported function g in L p (M n ) ; where 1 < p < oo. Fur¬ 
thermore assume g is in L 0O (M> 1 ). Then it follows that (almost everywhere) 

Tg(x) = hi(x) + h- 2 fx). (2.38) 

Here, 

IIMIbmoQR") ^ C(n, -B)||5'IU 00 (R" 1 ) (2.39) 

and 

IIML P!Uni/ (R«) ^ C(n,p, B)\\g\\ Lpunif (Mnp (2.40) 

Proposition 2.8. Assume u satisfies the all the assumptions of Proposition 
1 2. A Then: 

sup (\d t u(x,t)\) + Wdtp'WL^BMO) ^ C(||u|| ioo(Q + ) ). (2.41) 

Proof Fix S < 0, with |5| small. From Proposition 12.61 we have (for 
k ^ K(8) sufficiently large): 

\\dt u (k)\\ LS ' Unif (Q+j) ^ C(d, s, A) (2.42) 

and 

sup \d t U( k )(x,t)\ s$ C(d,j). (2.43) 

a:eK3 + ,te]A,(5[ 

It is clear that dtp 1 ^ = Pd t ( U{k) ® U(k) ) an d furthermore Lemma [2TT1 is applicable 
to a suitable extension of d t {u <8) u^)) for n = 3. Hence, it can be written 
that dtp ^ = {d t p l(yk ^)\ + (dtp 1 ^) 2 - Here, 



\\(dtp 1{k) )l\\ Loo (]A,S[-,BMO(M.3) ^ C(d) 

(2.44) 

and 

ll(V (fc) ) 2 || i _ /( g X ^W 5 ^)- 

(2.45) 

Next, it is easy to 

see that the following is satisfied in D' (Q\ s ) : 



d HL - A ^L = ~ div ^ 

(2.46) 

where H ia = H°f d . 

a = l,2, and H l3 = H% en , i = 1,2, 3, 



H ij(x,t) := d t F- k \x, t) + dijidtp 1 ^) i(x,t) - [(d t p m )i} B (x, 2 )(t))+ 
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+S ij (d t p 1{k) ) 2 (x,t). 

Here x e R+ is arbitrary. Hence, (12.311) . (12.421) . (I2.44p . (12.451 ), and local 
regularity of heat equation (for sufficiently large s > n + 2) give: 

sup \d t U^ add (x,t)\ ^ C(d,p,A). (2.47) 

(x,t)eQ\ 

T d 


Now, let us examine d t U^ k y One can write: 

dtU$(x,t) = - f G‘f j (x,y,t- A) -^-F^\y,A) + ^-p m (y,A)]dy+ 


&yj 


+ 



^-Gl{x,yA-r) 


—F^(v t) + Si—v 
dt jl [:p )+ p dt P 


i(0 


(y,r) dydr. 


Proposition 12.31 implies that the first term is bounded on Q\ by a constant 

"2 

depending only on IML 00 (q+) and A. For the second term, decompose as 
follows: 

t 



-^j- i G ij( x >y> t ~ T ) ^ F ji\vi T ) + S ji^P m (y, T ) dydr = (2.48) 


t 



T) [|hf (a ' T) Wl plW )> T > 


dydr+ 


+ 




dt p /i. 


B((x',0),a) 


t )) dydr. 


Here, a = (x% + t — r)^. For the first part of (12.48P use Lemma 12.41 along with 
estimates (I2.42p and (I2.45P to infer that it is bounded on Q\ s by a constant 
depending only on A and d = IM| Loo /q+\. For the second part, use (I2.44p and 
arguments from [16] to infer that it is bounded on Q\ 5 by a constant only 
depending on d = |MIl 00 (q+)- Thus, putting everything together one has: 


sup \d t U( k )(x,t)\ ^ C(d,A). (2.49) 

{x,t)eQ \ 5 
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Arguing as before and using time shift argument, one can get all of the stated 
conclusions. Proposition 12.81 is proven. □ 

The next Proposition briefly describes how the aforementioned arguments 
can be bootstrapped to obtain analogous statements involving higher time 
derivatives of u. 

Proposition 2.9. Suppose u G L^Qf) satisfies all the assumptions of The- 
orern \1.<‘A Then conclude that: 


sup (\d?u(x,t)\ + |V<9fw(>,t)| + |V<9 f yO,t)|)+ 

+\an+ 


(x,t)eQ_ 


+ \\dtP 1 h 00 (BMO) ^ C(k , /, IM| Loo(q +)) < °o (2.50) 


for any k— 0,1... 

Proof of Proposition 12.91 We give a brief account of the bootstrap ar¬ 
guments. Clearly d t u also satisfies (II.6p . By properties of the kernel, if 
ip G C^°(Qa) then the following holds: 


o 


o 



and 


o 


o 



(2.52) 


From Proposition 12.81 we can write: 



(2.53) 
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Here, 


r d 


u 'i(k)( x A, A ) = - I Gij( x , D,t — A) -^-F^\y,A) + -^-p m (y,A) dy 


d 


dyi 


ji 


% 


and 

Si(u(k) A )(x,t) ■= I Gij(x,y,t - A)u mA {y)dy. 

R3 

So using Proposition 12.31 along with Green function estimates (12. 2 p and (12.41) 
get that: 

sup (\d*V l S(u Ak )(x,t)\ + | d?V l U' {k) (x,t)\) ^ C(A, k, l, ||n|| Loo(Q + ) ) 

(a;,t)eQ^ 

(2.54) 

any k , 1 = 0,1... 

The third term of (12.53j) is dealt with by splittling the integral according 
to the kernel decomposition (11.71) . The arguments are now repeated from 
Propositions 12.3112.81 It is possible to repeat this argument indefinitely with 
higher time derivatives. Proposition 12.91 is proven. □ Now, one can recover 
a pressure p such that in Q+: 

u ■ V« — A u + Vp = — d t u, div u = 0 


in Qt , 


u(x' : 0, t) — 0 


for any x l G K 2 and any — oo < t < 0. By considering higher derivatives 
in time of these equations and Proposition 12.91 one can obtain Theorem 11.31 
using the regularity theory of the stationary Stokes system together with 
bootstrap arguments. □ 


3 Proof of Theorem 11.41 


Lemma 3.1. Assume that a bounded function u satisfies conditions M.10 P . 
CHIP? (EH), and hi. 12$ of Theorem\1.4\ Then V« G Loo(Ql)- The function 


u is infinitely smooth in spatial variables in upper half space x 3 > 0. 
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Proof Let z 0 = (x' 0 , 0, t 0 ), Q + (z 0 , R) = B + (x 0 , R)x]t 0 — R 2 ,t 0 [, and R,}- = 

k 

R — RJ2 for k — 1, 2,and R 0 = R. Let p G C™(B(x 0 , R) x]t 0 — 

i —1 

R 2 , to + R 2 [) and let v := up and R — 1. Then 

d t v - Av = /i + / 2 , 

where 

/i := —p'Vp 2 + tt(^ + Ay?) + u ■ X7pu + (p 1 - [p 1 ]s( X0 ,i))Vv? 

and 

/ 2 : = -div(2u <8) Vv? + p{u <g> u + (p 1 - [p 1 ]^,!))!)). 

Moreover, v = 0 satisfies d'Q + (zo, 1). We can split v into two parts v = v l +v 2 
so that 

d t v l - An 1 = h 

and v 1 = 0 on &Q + (zq, 1). By our assumptions, 

||/l||s,oo,Q+(® 0 il) A c(s) 
for any 1 < s < oo. Therefore we can claim that 

iVu 1 ) < c 

on Q + (zo, 3/4) with a constant independent of zo- 

Notice that by our assumptions we may write / 2 = div(F 2 ), where 

11-^2 ||s,oo,Q + (a;o,l) A c(s). 

So using boundary regularity theory for the heat equation, we can say that 

||Vu ||s,Q(z 0 ,3/4) A C. 

Then we can see that, since 

Ap 1 = — div(w • Vu) 

with Neumann boundary condition on the flat part of the boundary, 

IIVp 1 !! s,Q+( 20 ,(3/4+5/8)/2) < C. 
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This means that 


||^«|Uq+( 5/8) + ||V 2 n|| Si Q + (5/8) < c 
and thus by the parabolic imbedding theorem (for large enough s) 


|Vu| < c 

on Q + {z 0l 1/2) with a constant independent of z 0 ■ So, we have bounded¬ 
ness near the boundary. To get the interior estimate, we can use the same 
arguments that used for mild bounded ancient solutions in the whole space. 
In fact, we have even more Vu is continuous up the boundary and 

ll^ w IL,Q(2 0 ,i)nQt + H^ M IL,Q(2 0 ,i)nQt — c ( s ) 

for any s > 1. Lemma [3.11 is proven. □ 

We wish to show that u has the following properties. For any A < 0, 

u = u 1 + u 2 , 


where 


and 



G(x, y,t ~ A)u(y,A)dy 


R3 



u 2 (x,t) = / K ijm (x,y,t - T)uj(y,T)u m (y,r)dydT 


in Q a . 

Let us go back to Lemma [2711 and its proof. F and its approximations F m 
are from that lemma an its proof. Solonnikov showed in [19] that v m given 
by the formula 


v m (x,t) = / G(x,y,t — A)u(y, A)dy + K(x,y,t — s)F m (y, s)dyds = 




= / G(x,y,t)u(y,A)dy+ / / G ij (x,y,t-s)f] n (y,s)dy 
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satisfies the identity: 


v m ■ Wqdz = 0 


Ql 


for any q G C^°(Qa), where Q\ := R+x]A, 0[ and Qa ■ 
f v m ■ (d\<p + A ip)dxdt + [ u(x, A) ■ ip(x, A)dx = 


= R 3 x]A,0[, 

[ r ■ ipdxdt 


Q\ 


Ql 


for any divergence free functions ip G Cq°(Q-) with ip(x f , 0,t) = 0 for any 
x' G R 2 and for any t < 0. Since 

/ \G(x,y,t)\dy < c, 

R3 


we can use boundedness and pass to the limit as m —> oo. 
As a result, we have 


J v ■ Vqdz = 0 


Q 


+ 

A 


for any q G Cq°(Qa), where Qa R 3 x]A, 0[. Here, v is defined as u i + v, 2 - 
Furthermore, for any divergence free functions ip G Cq°(Q-) with (p(x 0 ,t) = 
0 for any x' G R 2 and for any t < 0: 


J v ■ ( d t ip + A p>)dxdt + 


u(x, A) ■ p>(x, A)dx 


f ■ (pdxdt. 


Q 


+ 

A 


Q 


+ 

A 


Now assume that F = u®u. From the the previous pages, it is clear that 
u is continuous in the completion of Q + (R) := £>+(/?) x] — R 2 , 0[. Then using 
cut-off functions in time, we can show that u satisfies the same identity as v. 
And thus letting w = u — v, we get 


for any q G Cg°(Q A ), 


/ w ■ Wqdz = 0 
Qa 


/ w ■ (dpp + A <p)dxdt = 0 
Qa 
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for any divergence free functions ip G C™(Q-) with p(x',0,t) = 0 for any 
x' G R 2 and for any t < 0. ff we extend w by zero for t < A, we find 

J w ■ X/qdz = 0 

Qt 

for any q G C™(Q_), 

J w ■ (d t p + Ap)dxdt = 0 

Qt 

for any divergence free functions <p G Cq°(Q-) with ip(x',0,t) = 0 for any 
x' G M 2 and for any t < 0. 

By the Liouvillc theorem (see [3j and m, w = w(x 3 , t). We need to show 
that w = 0 in Q\. To this end, it is sufficient to show that for x G M 2 and 
t e]A, 0[, one has Wq 2 (x',x 3 ,t) —> 0 as x :i —> oo. Here, q 2 is the pressure for 
v so that 

d t v — Av + Vg 2 = / 

in Q\. ff split v = v 1 + v 2 so that v l corresponds to the Green function G l . 
Then, clearly, 

d t v 1 - Av 1 = / 

in Q\, 

v 1 (x', 0, t) — 0 

for x 1 G R 2 and A < t < 0, and 

^(•,0) = M O (0- 

Thus, 

Vg 2 = Av 2 - 3 t v 2 . 

On the other hand, we have v 2 = v 2 ’ 1 + n 2,2 , where 

n 2 ll (x,f)= f G 2 (x - y,t - A)u 0 (y)dy 

R 3 


and 


t 



A R3 
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Using reasoning from Proposition 12.61 obtain 


\d t v ’ (x,t) | < 


rq . 2 
°y 3 


t — AJ (|x' — t/'| 2 + x\ + y 2 +1 — A)2 


e t ~ A dy'dy 3 < 


< 


A J ( x 2 + + t _ 2 


ri ,2 
c 2/ 3 

e~ T ^Ady 3 < 


< c(t — A) z ((x“l + t — A) 2 —> o 
as X3 —>■ 00. Next, since G 2 (:r, ?/, 0 ) = 0 , then 

t 

\d t v 2 , 2 (x, t)\ < c [(t — + t — s)~^ds —> 0 


as X3 —> 00. 

Regarding r; 2,2 , we have 

|VV’ 1 (a;,i)| < 


ri . 2 
°y 3 


t — A + 0:5 J (^x'— y '\ 2 + x\ + yl + 1 — A)* 


e t ~ A dy'dy 3 < 


< c(t — A + ((x 2 + t — A)~ 2 = c(t — 7 L + —> 0 

as x 3 —> 00. Next, 

t 

|V 2 n 2 ’ 2 (x, t)| < c [(t — s + a;3) _1 <is —)• 0 


as x 3 —* 00. So, we have the required decay for Vg 2 and thus we have for all 
A < 0 the following integral representation: 

u(x,t) ■— / G(x,y,t — A)u(y, A)dy+ 



G(x, y,t — s)div(w <giu — p 1 T)(y, s)dyds = 
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t 


K(x, y, t - r)u(y , r) <g> u(y, r)dydr 


= / G{x,y,t - A)u{y, A)dy + / / 

R 3 A e3_ 

for all t > A. 

Now, our aim is to prove the inverse statement, i.e., we assume that 
bounded divergence free function satisfied the latter identity for any A < 0. 
Introducing F = u ® u and tensor H — F + p 1 I and using approximations 
of u, we can show that u is a distributional solution to the Navier-Stokes 
equations in Qt and belongs to the space W^Qh). This can be done in 
the same way as in [16j (the most difficult part of that paper). We then can 
introduce the pressure p 2 so that 

d t u — A u + Vp 2 = —di vH. 

Splitting u = u 1 + u 2 and repeating the aforesaid arguments, we can show 
that Vp 2 satisfies all requirements in the definition of bounded mild ancient 
solutions. 


4 Proof of Proposition 11.11 

Assume first that u satisfies the conditions of Proposition 11.11 i.e., there 
exists a pressure held p £ L^— oo, 0 ; BMO(l 3 )) such that 

pdivpdz. (4.1) 

Q~ Q- 

Our aim is to show that, for any A < 0, the function satisfies the integral 
identity (11.31) . First, let us notice that the presure p (up to a bounded 
function of time t) is formally represented as follows: 

P(x,t) = -i|u(x,t)| 2 + I V;( * ) : u(y,t)®u(y,t)dy. 

R 3 

We know that mild bounded ancient solutions are infinitely smooth and 
all partial derivatives, apart from derivatives in time of the pressure, are 
bounded. The derivatives d^p, k = 0,1,..., belong to L oo (BM0), see [13] . 
So, we re-write the Navier-Stokes equations in the following way: 

d t u — A u = /, divw = 0 


■ (d t p + A<p) + u <g) u : Vtp'jdz 
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in Q_, where / := —di vu®u — 'Vp. We know that / is infinitely smooth and 
all its derivative are bounded. Then, by Tychonoff’s uniqueness theorem, 

t 

u(x, t ) := J T(x - y, t)u(y, A)dy + j j T(x-y,t- s)f(y , s)dyds 

R 3 A R 3 

for t > A and for all A < 0. ft remains to show that 

t t 

Ay<f >0 ~y,t~ s)fi(y, s)dyds = j j Y(x-y.t- s)ft(y , s)dyds = 

A R 3 Ur 3 




K ijm (x,y,t - t) uj (y, r)u m (y, r)dydr 


for any A < 0. To this end, we introduce as notation pp which is the BMO- 
solution to to equation A p = —divdivF in M 3 with \j>f\b = 0. We deduce 
the required identity from the following lemma. 

Lemma 4.1. Let F be a bounded smooth function in M 3 having all derivatives 
bounded there. Then, for any positive s, 

/ A y $(x -y,s)fi(y)dy = / T(x - y, s)ffy)dy = 


= / K ijm (x,y,s)F jm (y)dy , 


where f = —divF — Vpi?. 

The proof can be done with the help of suitable approximation of F and 
the following estimates: 

c(k ) 


and 


|V‘4>(x,f)|< 


|v l r(t/,i)| < 


(t + |x| 2 ) 1 2 fc 


c{k) 


(i + bl 2 )^ 


_Ml 
e 3 . 


The first one is due to Solonnikov, see mi). and the second one is well known. 

Inverse statement of Proposition II.II can be easily deduced from the above 
lemma and suitable approximations of u. This completes the proof of Propo¬ 
sition 11.11 
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5 Appendix 


Proof of Lemma 12.41 For x' in M 2 , denote by Qw?(x , R) a cube in K 2 with 
side lengths 2 R centred at x' . Define the space cylinders and the space-time 
cylinders: 

C(x', R, m) := Qr 2 (x , R)x]m, m + 1[, 

C(x' , R,m, A,t) := C(x', R,m)x]A,t[. 

After a decomposition of the domain, consider the following integrals sepa¬ 
rately (R = 1, 2, 3 ... and m — 0,1, 2 ...): 


I(m,l,x,t):= I \V v G 2 (x,y,t - T)f(y,r)\dydr (5.1) 

C(x' ,l,m,A,t) 


I(m, R, x, t) I \W y G 2 (x,y,t - r)f(y,T)\dydr. 

C(x' ,R-\-l,m,t,A)\C(x' ,R,m,t,A) 


First consider 7(0,1,x,t). Let 

= (\x-y "\ 2 + t -r)-i exp ( - 


(5.2) 


From the Solonnikov estimates 


7(0, l,x,t) ^ c J ( t-r ) 2 J(x,y,t - r)\f(y,T)\dydr. 


Then by the ffolder inequality we have 




LsjljUnif (Qa) 


(t-r) a \ j(x,y : t-r)\ s 'dy) a dr. 


A C(x', 1,0) 


We get after a change of variables 

t i' 

/( J (t - r)~^\J(x,y,t - T)\ s 'dyY' dr 

A C(i',l,0) 
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t 


< I (t-T)~ 2l ' + ^[ I (\z\' 2 + l)^exp(-cs'z 2 )dz) a ' dr < 


—A 


^ c(s,l) I A 2l ' + 2 s'd\. 


This quantity is finite if and only if (12.22 ]) holds. 

For I(m, 1 ,x,t), with m ^ 1, the Holder inequality gives 


| I(m, 1, x, t)\ l ^ c 11 fUl 


Ls,l,unif (Qa') 


( t-T ) 2 |J(a;,?/,i-r)| s '(i7/) 7 dT. 


^ C(x , ,l,m) 

For the second factor we have 

t 

/( J (t-T)-^\J(x,y,t~T)\ s 'dy) 7 dT ^ 

A C(x',l,m) 




exp 


(t-r) 


-A 9 ' 


C( S ,H) 




^ Q R 2 ( 0 , 1 ) 

Here for the final line the following fact is used (for a > 0): 

sup x a exp(—x) ^ C(a). 

x>0 

Now, consider /(0, R, x, t). Initially using same arguments as for 1(0, 1, x, t ), 
we have 

|/(0, R, X, t)| ^ l|/IL,z,C(x',i?.+ l,0,A,fi\C(x',W,i) X 


x 


(t — t) 2 J(x, y, t — r) s dy) dr ^ 


A C{x ,R+lfl)\C(x ,R,0) 


^ c(s, l)R L " fUl 


Lsjljunif (.Q A ) 
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t 


x / ( J ('t — T ) 2 J(x,y,t — t) s ' dy) v dr ^ 

^4 C(x',-R+l,0)\C(a; , ,-R,0) 

^ c(s,Z)i2*||/||£ ( Q+ } x 

s ,1 ,um f A' 

t 1 / 

X J (t - t)^~ ^ J \x'~ y'\~ 3s 'dy'^dr ^ 

A Q r 2(x',-R+1)\Q k2 (x',R) 

-A 

<c( s ,Ofl-^||/||^„ (/Wj) [ x^dx. 


By (12.221) . I > 2 and thus l' < 2. So, the last factor is finite. Hence, 

Similar arguments to before give, for m ^ 1, 


|/(m, R,x,t)\ ^ 


c(A,S,l) D _i_i 


iT 




-'s.l.um 


/Hi)- 


Summing over m and i? we then conclude. □ 

Lemma 5.1. Let n ^ 3. Denote A := {(x, y) 6 l"x K n : x 7 ^ y}. Suppose 
the measurable kernel K : M n x M n \ A —y M is such that there exists M > 0 
with: 

(6-3) 

Define the truncation (on L p (M. n ), 1 < p < 00): 

T e (/)(x):= J K(x, y)f(y)dy. (5.4) 

\x-y\>£ 

Suppose, for this kernel, there exists bounded linear operator T : L p (M n ) —>- 
L p (M. n ) (1 < p < 00) such that: that for f G L p (M n ) (1 < p < 00): 

l|T«(/)-T(/)llw«»)^0, (5.5) 

(6-6) 
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Furthermore for f G L 00 (M n ) compactly supported: 

\\T(f)\\BMO(R n ) ^ c(K,n)\\f\\ Loo (Rnp (5.7) 

Here, C(K,n ) means that the constant depends on the properties of the Ker¬ 
nel (e.g some smoothness of the kernel) and the dimension of the space. 
Consider an unbowided domain C M n that is contained between two n — l 
dimensional parallel hyperplanes (denoted IIi and II 2 respectively) a finite 
distance 2 L apart. Take g to be a compactly supported function in L p (W l ) 
(for 1 < p < oo) such that g is non-zero and bounded outside of CL. 

Then it follows that: 



Tgix) — hi(x) + h 2 (x). 

(5.8) 

Here, 

\\hi\\BMO(R n ) ^ c (K, n )\\g\\ L oo(^ n \n) 

(5.9) 

and 

||^ 2 lU p , uni/ (R«) ^ c(K,M,n,p,L)\\g\\ Lpun . fm . 

(5.10) 

Proof of Lemma \5.1\ For x' in M n_1 , denote by Qr«-i(x , R) 
M n_1 with side lengths 2 R centred at x'. 

First one shows that, without loss of generality, it is sufficient to 
the case where: 

n, = {(x',L) : x' G M n_1 }, 

a cube in 

reduce to 

(5.11) 


n 2 = {{x',-L) : x' G R"" 1 }. 

(5.12) 

Let A 

: M” — » M n be a rotation of M n . It can be inferred that: 



Te(g)(A(x)) = I K(A(x),A(y))g(A(y))dy. 

(5.13) 


i/ 

\x-y\>e 


If one 

lets 

K(x,y) := K(A(x), A(y)), 

(5.14) 


clearly K satisfies (15.3[) . Define the truncation operator (for / G L p (M n ), 
1 < p < oo): 

S e (f)(x) ■■= j K(x,y)f(y)dy. (5.15) 

\x-y\^e 

By rotation invariance of L p (M. n ) and BMO(W x ), it is inherited from T e and 
T that there exists a bounded linear operator S : L p (M. n ) — > L p (M n ) (where 
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1 < p < oo) such that fl5.5p - 05.7p hold. Since the space L PtUni f(W l ) is rotation 
invariant, rotations of hi can be considered without loss of generality. 

Fix Z\ el n . It can be inferred that: 

T e {g){x - Zi) = J K(x — zi,y — zi)g{y — z\)dy. (5.16) 

\x-y\>e 


Let 

K(x,y) := K(x - z l: y - zx). (5.17) 

Using the spaces BMOiW 1 ), L P (W' 1 ) and L P)Un j/(M n ) are translation invari¬ 
ant, one can use the aforementioned arguments to show that translations of 
can be considered without loss of generality. 

From now on take hi! as in (15.111) and II 2 as in (15.121) . 

Now decompose g: 


gi{x',x n ) = (1 -X]-L,Li(x n ))g(x',x n ), 
g 2 (x\x n ) = X]-L,L[(x n )g{x',X n ). 

By (15.71) . get that hi(x) := T(gi)(x) satisfies (15.9p . It remains to show 
h 2 {x) := T(g 2 (x)) satisfies (15.101) . By an identical argument to that showing 
translations of are permissible, it is sufficient to prove: 

sup ||Ml p (b((o,x„),i)) < c(iF,M,n,p,L)||^|| Lp>ttni/(E «). (5.18) 

£ n ER 

Let us write g 2 := g£ + g 2 , where 

g 2 (x',x 3 ) = XQ mn -i(o,2)(x')g 2 (x',x n ). (5.19) 

Further to this write h 2 := h ^ , where 

h 2 = T(g-). (5.20) 

By (15. 6p . satisfies the estimate (15.18P in place of h 2 . It remains to show 

the same for ■ It can be shown (for z in B(( 0,x n ), 1)), 

L 

/ r m 

J lz ,_ y ,J g(y',yn)\dy'dy n ^ 

0 , 2 ) 
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^ c(n, M) 


-iy'eK»-i\Q R „_i(0,2) 


rp-d g{y',yn)\dy'dy n < 


L/ 

OO n n 

< c(n,M)J2 / / 

/V—o ^ ^ 

iV -^ r /O 7V 7- l 1 \\ /" 


—L Q R n-l (0,7V+l)\Q Rn _i {0,N) 


13/' 


■J^\g(y',yn)\dy'dy n . 


The domain Q^n-i (0, ./V+l)\Q]Rn-i(0, N)x] — L, L[, can be seen to be covered 
by c(n)N n ~ 2 x \L\ unit cylinders. Here \L\ is the smallest integer greater 
than L. Hence, by Holder’s inequality: 


\g(y',yn)\dy'dy n ^ 

—L Q K n-i (0 ,N +l)\Q R n-i (0,JV) 

/ I — 

r^fdy'dy^j v> 

Qr™- 1 (0,JV +l)\Q R n-l (0,N) 

One can estimate for the second factor and get the bound: 

c(n,p) 



Thus, 

r^\g(y',yn)\dy'dy n < 

—L Q R n_i (0,V+1 )\Q r „_i (0,JV) 

< c(n,L,p)||^|| LpiUn . / ( K n)Ar- ( 1 + p ) . 

So it is obtained that: 




\hU z )\ < c(n, M , L ,p)\\g\\L PtUni f(Bn) N (1+lp) - 

N =2 


From here all conclusions follow immediately. □ 
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